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ON HOMOGENEOUS GEODESICS AND
WEAKLY SYMMETRIC SPACES
VALERI˘I BERESTOVSKI˘I AND YURI˘I NIKONOROV
Abstract. In this paper, we establish a sufficient condition for a geodesic in a Rie-
mannian manifold to be homogeneous, i. e. an orbit of an 1-parameter isometry group.
As an application of this result, we provide a new proof of the fact that every weakly
symmetric space is geodesic orbit manifold, i. e. all its geodesics are homogeneous. We
also study general properties of homogeneous geodesics, in particular, the structure of
the closure of a given homogeneous geodesic. We present several examples where this
closure is a torus of dimension ≥ 2 which is (respectively, is not) totally geodesic in
the ambient manifold. Finally, we discuss homogeneous geodesics in Lie groups supplied
with left-invariant Riemannian metrics.
2010 Mathematical Subject Classification: 53C20, 53C25, 53C35.
Key words and phrases: geodesic orbit Riemannian space, homogeneous Riemannian
manifold, homogeneous space, quadratic mapping, totally geodesic torus, weakly sym-
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1. Introduction, notation and useful facts
Let (M,g) be a Riemannian manifold and let γ : R → M be a geodesic in (M,g).
The geodesic γ is called homogeneous if γ(R) is an orbit of an 1-parameter subgroup of
Isom(M,g), the full isometry group of (M,g). A Riemannian manifold (M,g) is called a
manifold with homogeneous geodesics or a geodesic orbit manifold if any geodesic γ of M
is homogeneous.
These definitions are naturally generalized to the case when all isometries are taken
from a given Lie subgroup G ⊂ Isom(M,g), that acts transitively on M . In this case we
get the notions of G-homogeneous geodesics and G-homogeneous geodesic orbit spaces.
This terminology was introduced in [23] by O. Kowalski and L. Vanhecke, who initiated a
systematic study of such spaces. We refer to [23], [3], and [26] for expositions on general
properties of geodesic orbit Riemannian spaces and some historical survey about this topic.
Let (M = G/H, g) be a homogeneous Riemannian manifold, where G is the identity
component of Isom(M,g) and H is the isotropy subgroup at a point o ∈ M . Since H is
compact, there is an Ad(H)-invariant decomposition
g = h⊕m, (1)
where g = Lie(G) and h = Lie(H). The Riemannian metric g is G-invariant and is
determined with an Ad(H)-invariant inner product g = (·, ·) on the space m which is
identified with the tangent space M0 at the initial point o = eH. By [·, ·] we denote the
Lie bracket in g, and by [·, ·]m its m-component according to (1). We recall (in the above
terms) a well-known criterion of geodesic orbit spaces.
Lemma 1 ([23]). A homogeneous Riemannian manifold (M = G/H, g) with the reductive
decomposition (1) is a geodesic orbit space if and only if for any X ∈ m there is Z ∈ h
such that ([X + Z, Y ]m,X) = 0 for all Y ∈ m.
For a givenX ∈ m, the condition ([X+Z, Y ]m,X) = 0 for all Y ∈ mmeans that the orbit
of exp
(
(X + Z)t
)
⊂ G, t ∈ R, through the point o = eH is a geodesic in (M = G/H, g).
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Note also that all orbits of an 1-parameter isometry group, generated with a Killing vector
fields of constant length on a given Riemannian manifold, are geodesics, see e. g. [6].
An important class of geodesic orbit manifolds consists of weakly symmetric spaces,
introduced by A. Selberg [30]. A homogeneous Riemannian manifold (M = G/H, g) is a
weakly symmetric space if any two points p, q ∈M can be interchanged with an isometry
a ∈ G (this is a definition equivalent to the original one). Note that a Riemannian manifold
(M,g) is a weakly symmetric space if and only if it is homogeneous and for some (hence,
every) point x ∈M and any reductive decomposition (1) the following property holds: for
every U ∈ m there is s ∈ H such that Ad(s)(U) = −U [36]. Note that every G-invariant
Riemannian metric on G/H (with the above property) makes it a weakly symmetric space.
Weakly symmetric spaces M = G/H have many interesting properties and are closely
related with spherical spaces, commutative spaces, Gelfand pairs etc. (see papers [1, 8,
32, 36] and book [31] by J.A. Wolf). The classification of weakly symmetric reductive
homogeneous Riemannian spaces was given by O.S. Yakimova [32] on the base of the
paper [1] (see also [31]).
Let us recall that weakly symmetric Riemannian manifolds are geodesic orbit by a result
of J. Berndt, O. Kowalski, and L. Vanhecke [9]. The main motivation of this paper was
to reprove this result by alternative simple methods.
It should be noted that the full isometry group Isom(M,g) of a given Riemannian
manifold (M,g) is a Lie group and the isotropy subgroup at any point x ∈M is compact
by the Myers–Steenrod theorem. Note also that by the Cartan theorem, a closed (abstract)
subgroup of a Lie group is a Lie subgroup, hence, Lie group itself, but this is not true in
general for non-closed subgroup, see details e. g. in [18].
All manifolds in this paper are supposed to be connected. For a smooth manifold M
and x ∈M , Mx denotes the tangent space to M at the point x. For a smooth manifolds
mapping ψ :M → N , we denote by Tψ its differential.
The structure of this paper is as follows.
In Section 2, we prove in Theorem 1 that a geodesic γ in a given smooth Riemannian
manifold (M,g) is homogeneous if the set (group) Gγ of all isometries in (M,g), preserving
γ and its orientation, acts transitively on γ. Recall that γ is homogeneous if it is an orbit
of a point x ∈ γ under an 1-parameter Lie subgroup ψ(t), t ∈ R, of the full isometry Lie
group Isom(M,g) of (M,g). At first we give two alternative proofs of Proposition 1 which
states that Gγ is a closed (hence, Lie) subgroup of Isom(M,g). The first proof of this
proposition uses some results from the theory of topological groups while the second one
applies the so-called development of the geodesic γ in p−1(γ) where p : TM → M is the
canonical projection. After this it is quite easy to prove Theorem 1 and then Theorem 2
stating that every weakly symmetric Riemannian space is geodesic orbit. At the end of this
section, we discuss briefly some known results on geodesics invariant under distinguished
isometry of (M,g).
In Section 3, the closure of a homogeneous geodesic γ in (M,g) and the corresponding
1-parameter group ψ in Isom(M,g) are investigated. It is proved in Proposition 2 that
the closure of ψ(R) in Isom(M,g) coincides with ψ(R) or is isomorphic to a compact
commutative Lie group (torus T k) for k ≥ 2. By Theorem 1, the same statement is
true for γ (in general case, it is possible that the dimension of the closure T k of ψ(R) in
Isom(M,g) is greater than the dimension of the closure T l of γ(R) in (M,g)); if l ≥ 2 then
sectional curvatures of all 2-planes tangent to T l, calculated in (M,g), are nonnegative.
Then we present some examples of T l, l ≥ 2, that are (respectively, are not) totally
geodesic in (M,g). At the end of this section are given some references to papers containing
interesting results on geodesics.
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In Section 4, we present some examples of homogeneous geodesics γ on Lie groups G
with left invariant Riemannian metric g, among them such that the corresponding torus
T l for non-closed subset γ(R) ⊂ (G, g) is (respectively, is not) totally geodesic in (G, g).
In Section 5, we study properties of a special quadratic mapping closely related to
homogeneous geodesics in (G, g).
2. Main results
Theorem 1. Let (M,g) be a Riemannian manifold, and let γ : R → M be a geo-
desic parameterized with arc length. Suppose that for any s ∈ R there is an isometry
η(s) ∈ Isom(M,g), such that η(s)(γ(t)) = γ(t + s) for all t ∈ R. Then the geodesic γ is
homogeneous, i. e. an orbit of an 1-parameter isometry group.
Proof. Let us consider
Gγ(s) := {a ∈ Isom(M,g) | a(γ(t)) = γ(t+ s)∀t ∈ R}, s ∈ R; (2)
Gγ := ∪s∈RGγ(s). (3)
We know that Gγ(s) 6= ∅ for all s ∈ R and Gγ = ∪s∈RGγ(s). Clear that Gγ(0) is compact,
since it is the intersection of the isotropy subgroups at all points of γ(R) with respect to
Isom(M,g). It is obvious that Gγ is a subgroup in Isom(M,g).
The most crucial step in this proof is to prove that Gγ is a Lie group. We prove this
fact separately in Proposition 1 below.
Let G0γ be the identity component of Gγ . Since Gγ is a Lie group, G
0
γ is also a Lie
group, hence, a Lie (possibly, virtual) subgroup in Isom(M,g). Therefore, for any U ∈ g,
where g is the Lie algebra of the group G0γ , we get that exp(tU) ⊂ G
0
γ . Clearly, there are
U ∈ g and t ∈ R such that exp(tU) 6⊂ Gγ(0). Hence, γ(R) = exp(tU)(γ(0)), t ∈ R, as
required.
Proposition 1. The group Gγ defined with (3) is a Lie group.
Proof. If γ is non-injective then the properties of Gγ (see (2) and (3)) imply that γ is
periodic i. e. there is the smallest s > 0 such that γ(t+ s) = γ(t) for all t ∈ R (recall that
the motion of a point γ(t) along γ under the action of Gγ depends essentially only on its
position in M , but not on the value of t). Then Gγ is compact, hence, a Lie subgroup in
Isom(M,g).
From this point we suppose that γ is injective. In this case we give two proofs of the
fact that Gγ is a Lie group.
The first proof. Let us supply the group Gγ with the natural topology. Define the natural
projection
η : Gγ 7→ R,
as follows: η(a) = s if and only if a(γ(t)) = γ(t+s) for all t ∈ R. Clearly, such s is unique.
Let Πs the parallel transport of Mγ(0) to Mγ(s) along γ with respect to the Levi-Civita
connection of the Riemannian manifold (M,g). Consider any a ∈ Gγ and put s = η(a).
Let us define the map a ∈ Gγ 7→ ϕ(a) ∈ O(Mγ(0)) as follows:
ϕ(a) = Π−1s ◦ (T a)γ(0).
Let us supply Gγ with the topology induced with the product topology on the space
R×O(Mγ(0)) under the mapping a ∈ Gγ 7→ (η(a), ϕ(a)) ∈ R×O(Mγ(0)), that is obviously
injective. This topology makes Gγ a locally compact topological group.
It is clear that η(a1 · a2) = η(a1) + η(a2) for a1, a2 ∈ Gγ . Since η is an open surjective
homomorphism of topological groups, then Ker(η) is a normal subgroup in Gγ . If fact,
Ker(η) = Gγ(0) is compact. The following important result is known in the theory of
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topological groups: If G is a topological group and H is a closed invariant subgroup of
G such that H and G/H are Lie groups, then G is a Lie group (see Theorem 1 in [15],
Theorem 7 in [19], or pp. 153–154 in [25]). Since R = Gγ/Gγ(0), where R and Gγ(0) are
Lie groups, then Gγ is a Lie group by the above result.
The second proof. We will use the development of the geodesic γ in p−1(γ) where
p : TM →M is the canonical projection.
Let Πt′, t be the parallel transport of Mγ(t) to Mγ(t′) along γ with respect to the Levi-
Civita connection of the Riemannian manifold (M,g). Obviously, Πt′, tγ
′(t) = γ ′(t′).
Similar statement is valid for all Tψ, ψ ∈ Gγ .
Let W = ∪t∈RWγ(t), Wγ(t) = {w ∈ Mγ(t) : w ⊥ γ
′(t)}. Choose any orthonormal basis
e2, . . . , en inWγ(0) and define a basis e2(t), . . . , en(t) ofWγ(t) by equalities ej(t) = Πt,0(ej),
j = 2, . . . , n. Then W is a smooth vector bundle over γ (the topology on γ is defined with
the parameter t) with the restriction of p to W , and Πt′,t, Tψ, where ψ ∈ Gγ , are smooth
linear isomorphisms on W . In addition, for any t, t′, s ∈ R and ψ ∈ Gγ(s), Tψγ(t′) ◦Πt′, t =
Πt′+s, t+s ◦ Tψγ(t). Since the matrix of any parallel transport Πr′, r with respect to bases
e2(r), . . . , en(r) and e2(r
′), . . . , en(r
′) is always the unit matrix, this implies that the matrix
of Tψγ(t) with respect to bases e2(t), . . . , en(t) and e2(t + s), . . . , en(t+ s) coincides with
the matrix of Tψγ(t′) with respect to bases e2(t
′), . . . , en(t
′) and e2(t
′ + s), . . . , en(t
′ + s).
Denote this matrix, which is independent on t, by (ψ).
The above argument shows that any element ψ ∈ Gγ(s) and the action of Tψ on W
are uniquely defined with the pair (s, (ψ)). In this notation, the product in the group Tψ,
ψ ∈ Gγ , is written as
(s, (ψ))(s ′, (ψ′)) = (s + s ′, (ψ)(ψ′)). (4)
Thus, if A(s) = {(ψ) : ψ ∈ Gγ(s)} then
A(s+ s′) = A(s)A(s′) = A(s′)A(s), A(−s) = A(s)−1, A(s) = AsA(0) (5)
for s, s′ ∈ R, As ∈ A(s). Then A(s) is compact for any s ∈ R, since A(0) is compact, and
A(−s) = A(0)−1A−1 = A(0)A−1. The last equalities implies that A(s) = AA(0) = A(0)A
for any A ∈ A(s) and s ∈ R and A(s + t) = AsA(t) for any As ∈ A(s) and s, t ∈ R. In
particular, A(0) is a compact normal subgroup of the group A = {A(s), s ∈ R} ⊂ O(n−1).
Let d be the intrinsic metric on (M,g), δ any bi-invariant metric on the group O(n−1),
whose restriction to SO(n−1) coincides with the intrinsic metric defined with a bi-invariant
Riemannian metric on SO(n−1) and δH the corresponding Hausdorff metric on the family
of compact subsets in O(n− 1). Note that δH(A(s), A(0)) = δ(As, A(0)) = δ(A0, A(s)) for
any As ∈ A(s) and A0 ∈ A(0) because of the last equality in (5) and the right invariance
of the metric δ. We state that δH(A(s), A(0)) → 0 when s 6= 0 and s → 0. Otherwise,
there is a sequence ψsn ∈ Gγ(sn) such that sn 6= 0, sn → 0, δ((ψsn), A(0)) > ε for some
ε > 0 and all n ∈ N, and d(ψsn(x), ψ(x)) → 0 for some ψ ∈ Isom(M,g) uniformly for
x ∈ B(γ(0), r), where 0 < r < ∞. Then ψ ∈ Gγ(0) but (ψ) /∈ A(0), a contradiction.
Therefore, for any s0 ∈ R and As0 ∈ A(s0),
δH
(
A(s0 + s), A(s0)
)
= δH
(
As0A(s), As0A(0)
)
= δH
(
A(s), A(0)
)
→ 0 (6)
if s 6= 0 and s→ 0.
The orthonormal bases e2(t), . . . , en(t) in Wγ(t) permit to consider W = ∪sWγ(s) as a
direct product R×Wγ(0) and supply the last manifold by the direct product of the standard
Riemannian metrics on its factors. ThenW is isometric to n-dimensional Euclidean space.
If ψ ∈ Gγ(s) we define the Euclidean motion in W by the formula
ψ(t, w) =
(
s+ t, (ψ)w
)
, (7)
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where the vector w ∈Wγ(0) is considered as a vector-column with components in the base
e2(0), . . . , en(0).
In consequence of (6) and compactness of sets A(s) ⊂ O(n − 1), the correspondence
ψ ∈ Gγ(s)→ (s, (ψ)) and formulae (4), (7) give the exact representation of Gγ as a closed,
hence a Lie, subgroup of Isom(W ) for n-dimensional Euclidean space W .
Theorem 1 implies a new proof of the following important result, that was obtained
in [9] using other methods.
Theorem 2 (J. Berndt–O. Kowalski–L. Vanhecke, [9]). Every weakly symmetric Rie-
mannian space (M,g) is geodesic orbit.
Proof. Let us fix a geodesic γ : R → M in a weakly symmetric Riemannian manifold
(M,g). For any p ∈ γ(R), there is a non-trivial isometry η(p) ∈ Isom(M,g) that is a
nontrivial involution on γ(R) fixing the point p ∈ γ(R) (see e. g. [36]).
For a given s ∈ R, the isometry ψ(s) := η(γ(s/2)) ◦ η(γ(0)) preserves γ(R) and its
orientation, and moves the point γ(0) to γ(s). Therefore, the geodesic γ is homogeneous
by Theorem 1.
Let (M,g) be a Riemannian manifold, and let γ : R→M be a geodesic parameterized
with arc length. The geodesic γ is called invariant under the isometry a ∈ Isom(M,g), if
there is τ ∈ R such that a(γ(t)) = γ(t+ τ) for all t ∈ R.
If γ is a homogeneous geodesic, then, according to Proposition 1, the isometry group
a ∈ Isom(M,g) such that γ is invariant under a, is a Lie group Gγ defined with (3).
Moreover, by the proof of Proposition 1, Gγ = Gγ(0)× R, where
Gγ(0) = {a ∈ Isom(M,g) | a(γ(t)) = γ(t)∀t ∈ R}.
Geodesics invariant under a distinguished isometry are studied in various papers, see
e. g. [17, 4] and references therein. In particular, K. Grove proved the following result.
Theorem 3 ([17]). If M is compact and the isometry A ∈ Isom(M,g) has a non-closed
invariant geodesic then there are uncountably many A-invariant geodesics on M .
It should be noted also the following recent result by V. Bangert.
Theorem 4 ([4]). Let γ be a non-closed and bounded geodesic in a complete Riemannian
manifold (M,g) and assume that γ is invariant under an isometry A of (M,g), but is
not contained in the set of fixed points of A. Then for some k ≥ 2, the geodesic line
flow γ′ corresponding to γ is dense in a k-dimensional torus T k embedded in TM and, in
particular, every geodesic with initial vector in T k is A-invariant.
3. On the closure of a homogeneous geodesic
Now, we are going to discuss important properties of an arbitrary homogeneous geodesic
γ on a given Riemannian manifold (M,g). The main object of our interest is the closure
of a given homogeneous geodesic. The following result is well known (see e. g. [16]), but
we give a short proof for the reader’s convenience.
Proposition 2. Let ψ(s) = exp(sU), s ∈ R, be an 1-parameter group in a given Lie
group G, where U is from g, the Lie algebra of G. Then ψ(R) is a connected abelian
subgroup of G and there are three possibilities:
1) ψ(R) is a closed subgroup of G, diffeomorphic to R (ψ is a diffeomorphism);
2) ψ(R) is a closed subgroup of G, diffeomorphic to the circle S1 (ψ is a covering map);
3) ψ(R) is not closed subgroup of G, and its closure is a torus T k of dimension k ≥ 2.
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Proof. Clear that K, the closure of ψ(R) in G, is a connected abelian Lie group. If
K = ψ(R), then we get either the first or the second possibility. Suppose thatK 6= ψ(R). If
K is not a torus, thenK = R×K1 for some abelian connected group K1. If pi : R×K1 → R
is the projection to the first factor, then pi ◦ ψ : R→ R is a Lie group isomorphism. Now,
consider any point (a, b) ∈ R ×K1. There is a sequence (an, bn) ∈ ψ(R) ⊂ R ×K1 such
that lim
n→∞
(an, bn) = (a, b). It is clear that (an, bn) ∈ ψ([−M,M ]) for some positive M ∈ R.
Indeed, an → a as n → ∞ and pi ◦ ψ is a Lie group automorphism of R, hence, the set
(pi ◦ ψ)−1(an) = ψ
−1
(
(an, bn)
)
, n ∈ N, is bounded. Since ψ([−M,M ]) is compact, then
(a, b) ∈ ψ(R) and K = ψ(R) that impossible. Hence, K is a torus T k of dimension k ≥ 1.
Obviously, K 6= ψ(R) implies k ≥ 2.
Now we consider the structure of the closure of homogeneous geodesics in Riemannian
manifolds. Let (M,g) be a Riemannian manifold, and let γ : R → M be a geodesic
parameterized with arc length, γ(0) = x ∈M . Suppose that γ is homogeneous, i. e. there
is U in the Lie algebra g of the Lie group G = Isom(M,g), such that γ(t) = ψ(t)(x), where
ψ(t) = exp(Ut), t ∈ R. It is known that all orbits of any closed subgroup of Isom(M,g) on
M are closed (see e. g. Proposition 1 in [33]). Therefore, for ψ(R) closed in G, the geodesic
γ(R) is closed as the set inM . In case 2) of Proposition 2, the geodesic γ = γ(t) is periodic,
but it is possible also in case 3). For instance, one can find in [5, 7] several examples of
Killing vector fields of constant length that have both compact and non-compact integral
curves (such curves are homogeneous geodesics).
Now, we assume that ψ(R) is not closed in G. The following result had been proved in
[17, Theorem 3.2] for any complete Riemannian manifold (M,g) with compact isometry
group Isom(M,g). We prove a more general version using a similar approach.
Theorem 5. Let (M,g) be a complete Riemannian manifold and let γ : R → M be a
homogeneous geodesic, i. e. it is an orbit of some 1-parameter isometry group ψ(t) =
exp(Ut), t ∈ R, for some U ∈ g, the Lie algebra of the Lie group G = Isom(M,g).
Assume that γ(R) is non-closed subset in M . Then γ(R) lies in a submanifold of (M,g)
diffeomorphic to a l-dimensional torus T l with l ≥ 2 and any orbit of the group ψ(t), t ∈ R,
through a point of T l is a geodesic lying dense in T l. Furthermore, the sectional curvature
of any 2-plane, tangent to T l at a point x ∈ T l and containing γ′(0), is nonnegative.
Proof. Put x = γ(0) ∈M . Consider the closure K of ψ(R) in G and the closure N of
γ(R) in M . By Proposition 2, K is a torus T k of dimension k ≥ 2.
Note that N is invariant under the action of every ψ(t), t ∈ R. Indeed, if x0 ∈ N ,
then there are tn ∈ R such that γ(tn) = ψ(tn)(x) → x0 as n → ∞. Hence, ψ(t)(γ(tn)) =
ψ(t + tn)(x) → ψ(t)(x0) as n → ∞, i. e. ψ(t)(x0) ∈ N . Now, it is easy to see that N
is invariant even under the action of K. Moreover, this action is transitive. Indeed, for
every two points a, b ∈ N , there are a sequence tn such that an := ψ(tn)(x)→ a as n→∞
and a sequence sn such that bn := ψ(sn)(x) → b as n → ∞. It is clear that a sequence
ϕn = ψ(sn − tn) ∈ ψ(R) ⊂ K is such that ϕn(an) = bn for all n. Passing, if necessary,
to a subsequence, we can assume that ϕn → ϕ as n →∞ for some ϕ ∈ K ⊂ Isom(M,g).
Hence, b = lim
n→∞
bn = lim
n→∞
ϕn(an) = ϕ(a), K acts transitively on N , and N is the orbit of
K through the point x. Hence, N is a homogeneous space of a torus K = T k, therefore,
N is a torus itself, i. e. N = T l with l ≥ 2 (since γ is not closed).
Note that x is a critical point for the function y ∈M 7→ gy(U˜ , U˜), where U˜ is a Killing
field, corresponding to U ∈ g. It is easy to see that the value of this function is constant
on N . Hence, any point y of N is a critical point for the same function and integral
curve of U˜ is a homogeneous geodesic. Since the distance between the points ψ(t1)(x) and
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ψ(t2)(y) is equal to the distance between the points ψ(t1+ t)(x) and ψ(t2+ t)(y) for every
t, t1, t2 ∈ R, then the geodesic ψ(t)(y), t ∈ R, is dense in N for all y ∈ N .
Finally, let us prove the assertion on the sectional curvature. Due to the previous
assertion, we may (without loss of generality) consider only points of the geodesic γ.
Suppose that p = γ(s) for some s ∈ R. Let Yp be a unit tangent vector to N = T
l at p
orthogonal to U˜p. We define the vector field Y along γ by setting Y (t) = d(ψ(t))p(Yp).
By the construction of Y and the previous discussion, Y is obtained with an 1-parameter
geodesic variation of γ, i. e. Y is a Jacobi field, therefore,
∇2Y +R(Y, γ′)γ′ = 0. (8)
Taking inner product on both sides of (8) with Y we obtain that the sectional curvature
of the 2-plane spanned on Y and γ′ (the latter is parallel to U˜ on γ) satisfies the equality
Ksec = −g(∇
2Y, Y )/g(γ′, γ′). Since g(Y, Y ) is constant along γ, we have
2g(∇Y, Y ) =
d
dt
g(Y, Y ) = 0,
0 =
d
dt
g(∇Y, Y ) = g(∇2Y, Y ) + g(∇Y,∇Y ),
hence, Ksec = g(∇Y,∇Y )/g(γ
′, γ′) ≥ 0.
Remark 1. Let Kx be the isotropy subgroup of K at the point x ∈ N ⊂ M . Then
N = K/Kx. It is interesting to study explicit examples with non-discrete Kx. Note that,
for any a ∈ Kx (and, moreover, for any a from the isotropy subgroup of Isom(M,g) at the
point x), the orbit of the group ξ(t) = exp(t(Ad(a)(U))), t ∈ R, through x is a geodesic.
We have the following obvious corollary.
Corollary 1. If a homogeneous geodesic γ is not bounded in (M,g) then γ(R) is a closed
subset in M .
Theorem 5 leads to the following natural questions (we use the above notation).
Question 1. Is it true that N = T l is totally geodesic in (M,g)?
Question 2. Is it true that for any W ∈ Lie(K = T k), the orbit of the group exp(tW ),
t ∈ R, trough every point of N = T l is a geodesic?
The above two questions are especially interesting for the case of homogeneous Riemann-
ian manifolds. It is well known that these questions have positive answer for symmetric
spaces M . In this case, the closure of a given geodesic is either the geodesic itself or a
totally geodesic torus N = T l, where 1 ≤ l ≤ rkM and rkM is the rank of the symmet-
ric space M . In the next section we will show that generally both these questions have
negative answers even for the case of Lie groups with left-invariant Riemannian metrics.
There is another proof of the last assertion in Theorem 5, which gives an additional
information connected with Questions 1 and 2. It is based on the famous Gauss formula
and equation. We shall use corresponding results from [21], with a little different notation.
Let N be any smooth submanifold of a smooth Riemannian manifold (M,g) with the
induced metric tensor g′ and Levi-Civita connection ∇′. If X,Y are vector fields on N
then the Gauss formula is
∇XY = ∇
′
XY + α(X,Y ),
where α is the second fundamental form of N (in M) and α(X,Y ) is orthogonal to N .
By Proposition 4.5 in [21] we have
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Proposition 3. Let X and Y be a pair of orthonormal vectors in Nx, where x ∈ N . For
2-plane X ∧ Y , spanned on X and Y , we have
KM (X ∧ Y ) = KN (X ∧ Y ) + g(α(X,Y ), α(X,Y ))− g(α(X,X), α(Y, Y )),
where KM (respectively, KN ) denotes the sectional curvature in M (respectively, N).
Under conditions of Theorem 5, we can take X = γ′(0) and any unit vector Y at x,
tangent to N = T l and orthogonal to X (or even corresponding parallel vector fields X, Y
on N = T l). Then α(X,X) = 0 and we immediately get the last statement of Theorem 5
and the following corollary.
Corollary 2. If (M,g) has negative sectional curvature then γ(R) is a closed subset inM .
In general case, N is a totally geodesic submanifold in (M,g) if and only if α ≡ 0 on N .
Therefore, using in our case the above parallel vector fields X, Y on N = T l for l ≥ 2, we
get the following corollary.
Corollary 3. If (M,g) has positive sectional curvature and l ≥ 2 then N = T l is not
totally geodesic submanifold in (M,g).
There are Riemannian manifolds of positive sectional curvature that have homogeneous
geodesics with the closure N = T l for l ≥ 2. For instance, we can consider the sphere
S3 = U(2)/U(1) supplied with U(2)-invariant Riemannian metrics (the Berger sphere),
that are sufficiently close to the metric of constant curvature in order to have positive
sectional curvature, see [35, pp. 587–589]. Such metrics are naturally reductive, hence
geodesic orbit i. e. all their geodesics are homogeneous. It is easy to choose a geodesic that
has the closure of dimension 2. Indeed, there are only countable set of periodic geodesics
through a given point. It is known that any self-intersecting geodesic in a homogeneous
Riemannian manifold is periodic. Then for all other geodesics the closure N = T l is such
that l = 2 (since the torus T 3 could not act on S3 effectively), see details in [34, Example
1]. Similar examples could be constructed for the sphere S2n−1 = U(n)/U(n−1) with any
n ≥ 2. By Corollary 3, they provide counterexamples to Question 1, hence, Question 2.
Note that the Berger spheres are weakly symmetric [36, 32]. This shows that the behaviour
of geodesics in weakly symmetric spaces are more complicated than in symmetric spaces.
Interesting results on homogeneous geodesics in Riemannian manifolds of negative sec-
tional curvature were obtained in [11, pp. 19–22], where such geodesics were called Killing
geodesics.
Interesting results on the behaviour of geodesics in homogeneous Riemannian spaces
are obtained also in [27, 28, 29].
4. Examples of homogeneous geodesics
Here we consider some examples of homogeneous geodesics on Riemannian manifolds.
We restrict ourself to Lie groups with left-invariant Riemannian metrics. It is known
that any homogeneous Riemannian space (G/H, g) admits at least one homogeneous ge-
odesic [22]. In the partial case of Lie groups with left-invariant Riemannian metrics, this
result was obtained earlier in [20].
Special examples of 3-dimensional non-unimodular Lie group admit exactly one homo-
geneous geodesic [24]. On the other hand, in a three-dimensional unimodular Lie group
G endowed with a left-invariant metric g, there always exist three mutually orthogonal
homogeneous geodesics through each point. Moreover, for generic metrics, there are no
other homogeneous geodesics [24].
Let G be a connected Lie group supplied with a left-invariant Riemannian metric g,
that is generated with some inner product (·, ·) on g = Lie(G). We call X ∈ g a geodesic
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vector if exp(sX), s ∈ R, is a geodesic in (G, g) (i. e. it is a homogeneous geodesic). By
Lemma 1, we see that X ∈ g is a geodesic vector if and only if ([X,Y ],X) = 0 for all
Y ∈ g.
If G is compact and semisimple, then the minus Killing form 〈·, ·〉 of g is positive definite
and 〈[X,Y ], Z〉+ 〈Y, [X,Z]〉 = 0 for all X,Y,Z ∈ g. Hence, all X ∈ g are geodesic vectors
for the inner product 〈·, ·〉. For an arbitrary inner product (·, ·) on g, there is a basis
E1, E2, . . . , En, n = dim(G), in g, simultaneously orthonormal for 〈·, ·〉 and orthogonal for
(·, ·). Consider numbers µi ∈ R such that (Ei, Ei) = µi〈Ei, Ei〉. Then for any i and any
Y ∈ g we get
([Ei, Y ], Ei) = µi〈[Ei, Y ], Ei〉 = −µi〈Yi, [Ei, Ei]〉 = 0,
i. e. Ei is a homogeneous vector (see more general results for homogeneous spaces in [22]).
Let us show that a small deformation of a given inner product could seriously change
the set of homogeneous vectors.
Example 1. Suppose that a compact semisimple Lie algebra g is supplied with the minus
Killing form 〈·, ·〉. For any nontrivial U ∈ g, we have a 〈·, ·〉-orthogonal decomposition
g = Cg(U) ⊕ [U, g], where Cg(U) is the centralizer of U in g. Indeed, the operator ad(U)
is skew symmetric with respect to 〈·, ·〉, hence X ∈ Cg(U) implies 〈X, [U, g]〉 = 0 and the
converse is also true.
Let us take any vector V ∈ g that is not orthogonal both to U and to [U, g] with respect
to 〈·, ·〉. Note that a generic vector in g has this property. Let us define the following inner
product: (X,Y ) = 〈X,Y 〉+ α · 〈X,V 〉 · 〈Y, V 〉, where α > 0.
If 〈X,V 〉 = 0, then (X,Y ) = 〈X,Y 〉 for every Y ∈ g, hence such X is a geodesic vector
for the inner product (·, ·). On the other hand, there is W ∈ g such that 〈[U,W ], V 〉 6= 0,
hence,
([W,U ],W ) = 〈[W,U ],W 〉 + α · 〈[W,U ], V 〉 · 〈U, V 〉 = α · 〈[W,U ], V 〉 · 〈U, V 〉 6= 0,
U is not a geodesic vector for (·, ·).
If rk g ≥ 2, then we can choose the vector X ∈ Cg(U) with the property 〈X,V 〉 = 0.
Moreover, let us fix a Cartan (i. e. maximal abelian) subalgebra t ⊂ g. We may consider
the vector X ∈ t such that it is a regular vector in g (Cg(X) = t) and the closure of the
1-parameter group exp(sX), s ∈ R, coincides with a maximal torus T := exp(t) in G. If
U ∈ t with 〈U,X〉 = 0 and V ∈ g such that 〈V,X〉 = 0, 〈V,U〉 6= 0 and 〈V, [U, g]〉 6= 0,
then X is (U is not) a geodesic vector for (·, ·) as above.
Hence, the closure of a homogeneous geodesic exp(sX), s ∈ R, is the torus T , but the
orbit exp(sU), s ∈ R, is not geodesic, although U ∈ t = Lie(T ). This gives the negative
answer to Question 2.
For Levi-Civita connection (elements of g are considered as left-invariant vector fields
on G, see e. g. [10]) we have
2(∇XU, Y ) = 2(∇UX,Y ) = ([Y,U ],X) + (U, [Y,X])
= 〈[Y,U ],X〉 + 〈U, [Y,X]〉 + α · 〈[Y,U ], V 〉 · 〈X,V 〉+ α · 〈U, V 〉 · 〈[Y,X], V 〉
= α · 〈U, V 〉 · 〈[Y,X], V 〉 6= 0
for some Y ∈ [X, g] = [t, g]. Indeed, [U, g] ⊂ [X, g] (due to Cg(X) = t ⊂ Cg(U)), hence
there is Y ∈ g such that 〈[X,Y ], V 〉 6= 0. This implies the required result. We may
assume also (without loss of generality) that this Y is in [X, g] = [t, g] (since we have
a 〈·, ·〉-orthogonal decomposition g = Cg(X) ⊕ [X, g] = t ⊕ [X, g] and the t-component
of Y commutes with X). Further, since the subspace [X, g] = [t, g] is 〈·, ·〉-orthogonal to
Cg(X) = t, then the torus T is not totally geodesic with respect to the left-invariant metric
generated with the inner product (·, ·). This gives the negative answer to Question 1.
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Now we are going to study geodesic vectors for some left-invariant Riemannian metrics
on the Lie group G = SU(2)× SU(2).
Example 2. Let us consider the basis Ei, i = 1, . . . , 6, in g = su(2)⊕ su(2) such that the
first three vectors are in the first copy of su(2) whereas other vectors are in the second
copy of su(2) and
[E1, E2] = E3, [E2, E3] = E1, [E1, E3] = −E2,
[E4, E5] = E6, [E5, E6] = E4, [E4, E6] = −E5.
It is clear that this basis is orthonormal with respect to the bi-invariant Riemannian
metric 〈·, ·〉 = −1/2 · B(·, ·), where B is the Killing form of g. Let us consider a non-
degenerate (6 × 6)-matrix A = (aij) and then inner product (·, ·) such that the vectors
Fi =
∑6
j=1 aijEj , i = 1, . . . , 6, constitute a (·, ·)-orthonormal basis. It is easy to see that
there is an one-to-one correspondence between the set of all inner products on g and the
set of lower triangle matrices A = (aij) with positive elements on the principal diagonal.
Let us consider the inner product (·, ·)d that is generated with matrix
A =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0
d 1 1 0 0 d
 ,
where d > 0. Direct calculations (that could be performed with using any system of
computer algebra) show the the vector V =
∑6
i=1 viEi is a geodesic vector for the inner
product (·, ·)d if and only if one of the following conditions holds:
• v1 ∈ R, v2 = v3 = 0, v4 ∈ R, v5 ∈ R, v6 = d · v1;
• v1 ∈ R, v2 ∈ R, v3 ∈ R, v4 ∈ R, v5 = 2v1 − v4, v6 = d · v1 + v2 + v3;
• v1 = d · v3, v2 = v3, v3 ∈ R, v4 = d · v3, v5 = d · v3, v6 ∈ R.
Hence, the set of geodesic vectors for the metric (·, ·)d is the union of one 2-dimensional,
one 3-dimensional, and one 4-dimensional linear subspaces in g = su(2)⊕ su(2).
The set of vectors V =
∑6
i=1 viEi with v2 = v3 = v4 = v5 = 0 determines a Cartan
subalgebra t in g. We see that V ∈ t is a geodesic vector if either v1 = 0, or v6 = d · v1.
Clear that in the latter case for any irrational d we get the vector V such that the closure
of the 1-parameter group exp(sV ), s ∈ R, coincides with a maximal torus T := exp(t) in
G. Therefore, we again get the negative answer to Question 2.
If D is the discriminant of the characteristic polynomial of the Ricci operator Ricd of
the metric (·, ·)d, then
D =
318 · 172
28 · d44
(
1 + o(d)
)
as d→ 0.
Therefore, for sufficiently small positive d, Ricd has 6 distinct eigenvalues. This implies
that the full connected isometry group of the metric (·, ·)d is G = SU(2)×SU(2). Indeed,
if the dimension of full isometry group is > 6, then the isotropy subgroup is non-discrete
and have (due to the effectiveness) not only one-dimensional (hence, trivial) irreducible
subrepresentations in the isotropy representation, hence Ricd should have some coincided
eigenvalues. Therefore, every operator ad(X), X ∈ g = su(2) ⊕ su(2), is not skew sym-
metric with respect to (·, ·)d for sufficiently small d > 0.
Let us recall the following natural question.
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Question 3. Whether a given metric Lie algebra (g, Q) admits a basis that consists of
geodesic vectors (a geodesic basis)?
This question was studied in [12, 13, 14, 22]. In [22] it is shown that semisimple Lie
algebras possess an orthonormal basis comprised geodesic vectors, for every inner product
(it had been explained a little earlier in this paper). Results for certain solvable algebras
are given in [14].
It is easy to see that if g possesses an orthonormal geodesic basis (with respect to
some inner product), then g is unimodular [13]. The authors of [13] proved that every
unimodular Lie algebra, of dimension at most 4, equipped with an inner product, possesses
an orthonormal basis comprised geodesic vectors, whereas there is an example of a solvable
unimodular Lie algebra of dimension 5 that has no orthonormal geodesic basis, for any
inner product.
The authors of [12] were interested in giving conditions for the Lie algebra g to admit
a basis (not necessary orthonormal) which is a geodesic basis with respect to some inner
product. The main results of [12] show that the following Lie algebras admit an inner
product having a geodesic basis:
• unimodular solvable Lie algebras with abelian nilradical;
• some Lie algebras with abelian derived algebra;
• Lie algebras having a codimension one ideal of a particular kind;
• unimodular Lie algebras of dimension 5.
The authors of [12] also obtained some negative results. For instance, they found the list
of nonunimodular Lie algebras of dimension 4 admitting no geodesic basis.
5. One special quadratic mapping
We have discussed that the set of geodesic vectors on a given Lie algebra depends on
the chosen inner product (·, ·). Let us consider this problem in a more general context.
Let g be a Lie algebra, then every inner product (·, ·) on g determines a special quadratic
mapping
ξ = ξ(·,·) : g 7→ g (9)
as follows: For any X ∈ g we put ξ(X) := V , where V is a unique vector in g with the
equality ([X,Y ],X) = (V, Y ) for all Y ∈ g.
This mapping is well known, see e. g. Proposition 7.28 in [10] (where ξ(X) := −U(X,X)
in the notation of this proposition) for its generalization for homogeneous Riemannian
spaces.
The set of zeros of the mapping ξ(·,·) is exactly the set of geodesic vectors in g with
respect to the inner product (·, ·). In particular, this set always contains the center of the
Lie algebra g. For any bi-invariant inner product (·, ·), the map ξ(·,·) is obviously trivial.
On the other hand, this map could have unexpected properties for some special inner
products (·, ·).
Example 3. Let us consider a basis Ei, i = 1, 2, 3, in g = su(2) such that
[E1, E2] = E3, [E2, E3] = E1, [E1, E3] = −E2.
Fix some positive numbers a, b, c and consider the inner product (·, ·) on g = su(2) that
has an orthonormal basis F1 = aE1, F2 = bE2, F3 = cE3. Direct calculations give us an
explicit form of the mapping ξ(·,·) (we use coordinates of all vectors with respect to the
original basis E1, E2, E3):
ξ(·,·)
(
x1, x2, x3
)
=
(
a(b− c)
bc
x2x3,
b(c− a)
ac
x1x3,
c(a− b)
ab
x1x2
)
.
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It is easy to see that for a 6= b 6= c 6= a, any geodesic vector should be a multiple of one of
the vectors E1, E2, E3. On the other hand, for a = b 6= c, geodesic vectors are exactly the
vectors either with x3 = 0 or with x1 = x2 = 0. For a = b = c we have a bi-invariant inner
product. Obviously, x1x2 > 0 and x1x3 > 0 imply x2x3 > 0, hence, ξ(·,·) is not surjective.
This correlates with Theorem 8 in [2], stating (in particular) that any surjective quadratic
mapping q : R3 → R3 has no non-trivial zero.
It could be an interesting problem to study general properties of the quadratic map-
ping (9) for general Lie algebras and general inner products. Below we consider some
results in this direction. It should be recalled that the mapping ξ(·,·) always has at least
one non-trivial zero according to [20]. Nevertheless, this property does not imply directly
the non-surjectivity of ξ(·,·) for dim g ≥ 6, see Example 3 and the corresponding discussion
in [2].
Recall that a Lie algebra g is unimodular if trace ad(Y ) = 0 for all Y ∈ g (here, as
usual, the operator ad(Y ) : g → g is defined with ad(Y )(Z) = [Y,Z]). All compact and
semisimple Lie algebras are unimodular. Any Lie algebra g contains the unimodular kernel,
the maximal unimodular ideal, that could be described as follows:
u := {Y ∈ g | trace ad(Y ) = 0}.
For a non-unimodular Lie algebra g, the ideal u has codimension 1 in g. The following
result is also well known (see e. g. Lemma 7.32 in [10]).
Proposition 4. Let g be a Lie algebra supplied with an inner product (·, ·), dim g = n.
Then the quadratic map ξ(·,·) (see (9)) has the following properties:
1) For a given Y ∈ g, the operator ad(Y ) is (·, ·)-skew symmetric if and only if
(ξ(X), Y ) = 0 for all X ∈ g.
2) Let us define ∆ = ∆(·,·) ∈ g by the equation (∆, Y ) = trace ad(Y ), Y ∈ u. Then ∆ is
(·, ·)-orthogonal to the unimodular kernel u of g. In particular, ∆ = 0 if g is unimodular.
3) ∆ = −
∑n
i=1 ξ(Ei) for any (·, ·)-orthonormal basis Ei, i = 1, . . . , n, in g.
Proof. Let us prove the first assertion. Recall that the operator ad(Y ) is (·, ·)-skew
symmetric if and only if ([X,Y ],X) = 0 for all X ∈ g. By the definition of ξ(·,·) we get
(ξ(X), Y ) = ([X,Y ],X) for every X ∈ g, that proves the required assertion.
The second assertion follows directly from the definition of the unimodular kernel u.
Let us prove the third assertion. Fix any Y ∈ g. By the definition of ξ(·,·) we have
(ξ(Ei), Y ) = ([Ei, Y ], Ei). Therefore,(
n∑
i=1
ξ(Ei), Y
)
=
n∑
i=1
(ξ(Ei), Y ) = −
n∑
i=1
([Y,Ei], Ei) = − trace ad(Y ) = −(∆, Y ),
that proves the required result.
We hope that the further study of the mapping (9) will allow to understand more deeply
the set of geodesic vectors for general metric Lie algebras.
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